Axioms of a Field





The real number system, which will be denoted from now on by R is an example of a mathematical structure known as a complete ordered field.





Definition:	A field F is a nonempty set together with two operations + and called addition and multiplication, which satisfy the following axioms:





(Al)	The operations + and ( are binary operations; that is, if a, b ( F, then a + b and a(b are uniquely determined elements of F.





(A2) The operations + and  ( are associative. That is, for a, b, c ( F


(a+b)+c = a+(b+c) and (a(b) (c = a( (b(c) .





(A3) The operations + and  are commutative. That is, for a, b ( F 


a+b = b+a and  a(b = b(a.





(A4) The distributive property holds. That is, for a, b, c ( F , 


a((b + c) = (a(b) + (a(c).





 (A5)	There exist additive and multiplicative identities.. That is, there are two elements  0 and 1 in F for which


0+a = a and 1(a = a   for every a ( F.





(A6)	There exists an additive inverse for each a ( F. That is, if a ( F, there is an element in F denoted -a for which


a + (-a) = 0.





(A7)	For each a ( F for which a ( 0, there is a multiplicative inverse. That is, if a ( F and a ( 0, there is an element in F denoted a-1 or 1/a for which


a(a-1  = 1. 








My Note:  Some properties of equals (=) for real numbers.   In the following assume that each of  a, b, c and d is any real number.


(i)   a = a  (reflexive).


(ii)  If a = b, then b = a  (symmetric).


(iii)  If a = b and b = c, then a = c  (transitive).


(iv)  If a = c and b = d, then a + b = c + d.  (This follows because + is a binary operation on RxR.)


(v)   If a = c and b = d, then a(b = c(d.  (This follows because ( is a binary operation on RxR.)








Definition:	Let F be a field. Then F is an ordered field if it satisfies the additional axiom:





(A8) There is a nonempty subset P of F (called the positive subset) for which


(i)	If a, b ( P, then a + b ( P (closure under addition).


(ii)	If a, b ( F, then ab ( P (closure under multiplication).


(iii)	For any a ( F exactly one of the following holds: a ( P, -a ( P, or a =0 (law of trichotomy). 





For us, P will be the set of positive real numbers. We use this axiom to define an order relation on the real numbers.





Definitions:	Let F be an ordered field, and let P be the positive subset of  F. Let a, b ( F.  We say a < b if b -  a ( P.  We say a ( b if a < b or a = b. The statements a < b and b > a are equivalent. The real number a is negative if –a ( P.  The real number a is positive if a ( P.





Definition: An interval of real numbers is a set A containing at least two real numbers such that for any two real numbers r, s in A with r < s and if t is a real number such that r < t < s, then t is in A.





The Completeness Axiom





We begin this section by discussing the final axiom of the real numbers—that of completeness. 





Definition:	Let A be a set of real numbers. If there is a real number b for which x ( b for every x ( A, then b is said to be an upper bound for A. A set that has an upper bound is said to be bounded above. If there is a number c such that c ( x for every x ( A, then c is said to be a lower bound for A. A set that has a lower bound is said to be bounded below. A set that is bounded above and below is said to be bounded. A set that is not bounded is said to be unbounded. 





Definition:	Let A be a set of real numbers that is bounded above. The number b is called the least upper bound (or supremum) of the set A (denoted l.u.b. A or sup A) if





(i)	b is an upper bound of A, and





(ii)	If c is also an upper bound of A, then b ( c. 





Note that (ii) is equivalent to saying that if d < b, then d is not an upper bound of A.





Definition:	Let A be a set of real numbers that is bounded below. The number b is called the greatest lower bound (or infimum) of the set A (denoted g.l.b. A or inf A) if





(i)	b is a lower bound of A, and


(ii)	If c is a lower bound of A, then c ( b. 





Definition:	Let S be an ordered field. Then S is said to be complete if for any nonempty subset A of S that is bounded above, the least upper bound of A is in S. 





The Axiom of Completeness: The final axiom of the real numbers is:





(A9) The real numbers are complete. 





The definition of completeness could have been stated in terms of lower bounds. 





Induction Principle.  If S is a subset of the positive integers such that 1 belongs to S and whenever n belongs to S, then n + 1 belongs to S; then S is equal to the set of positive integers.





Equivalent Induction Principle.  If S is any nonempty subset of the positive integers, then S has a smallest element.





Closure Assumption.  The set of integers is closed under addition, subtraction, and multiplication but not division. The positive integers are closed under addition and multiplicaton.
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