Some Elementary Theorems for the Real Numbers





1.  Uniqueness of 0 and 1.  If z is a real number such that a + z = a for every real number a, then z = 0.  If b is a real number such that ab = a for every real number a, then b = 1.





2.  Uniqueness of inverses.  If a is any real number and b is a real number such a + b = 0, then b = -a.  If a is any nonzero real number such that ab = 1, then b =  a-1.





3.  Cancellation laws.  If e  h of a, b and c is a real number and  a + c = b + c, then a = b.  If each of a and b is a real number, c is a nonzero real number, and ac = bc, then a = b.





4.  If a is a real number, then �EMBED Equation.DSMT4���.





5.  If each of a and b is a real number and a or b is zero, then ab = 0.





6.  If each of a and b is a real number and ab = 0 then either a = 0 or b = 0.





7.  If each of a and b is nonzero real number and a = b, then a-1 = b-1.





8.  If each of a and b is a real number and a = b, then –a =  -b





9.  If each of a and b is a nonzero real number and a = b-1, then b = a-1.





10.  For every real number a, a = -(-a).





11.  For every nonzero real number, a = (a-1)-1





12.  If each of a and b is a real number, then –(ab) = (-a)(b).





13.  If a is any real number, then  –a = (-1)a.





14.  If each of a and b is a real number, then (-a)(-b) = ab.
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15.  If  each of a and b is a real number, then  a > b  if and only if  –a < -b.





16.  If  each of a and b is a real number, then  a < b  if and only if  –a > -b.





17. 1 > 0, i.e., -1 is not positive.





18.  If each of a and b is a real number, c is a positive real number and a < b, then ac < bc.





19.  If each of a and b is a real number, c is a negative real number and a < b, then ac > bc.





20.  If each of a, b, c and d is a real number, a < b and c < d, then a + c < b + d.





21.  If each of a, b, c and d is a positive real number, a < b and c < d, then ac < bd.





22.  Show that 0, 1 and 1+1 are three real numbers.





23.  If each of a and b is a real number, c is a positive real number and a > b, then a + c > b.





24.  If a is a nonzero real number, then a > 0 if and only if a-1 > 0.





25.  If each of a and b is a positive real number and then a < b if and only if a-1 > b-1





26.  1 is the smallest positive integer.





27.  If n is a positive integer, then there is no positive integer k such that n < k < n + 1.





28.  The set of positive integers is not bounded above. Caution. This is different from saying that there is no largest positive integer.  Hint: Completeness Axiom.





29.  If a is a positive real number and  b is any real number, then there is a positive integer k such that ak > b.





30.  There is no smallest positive real number.





31.  If a and b are positive real numbers, then a < b if and only if a2 < b2.





32.  If each of a and b are positive real numbers and a < b (b > a), then for each positive integer n, an < bn (bn > an).





33. If each of a and b are positive real numbers and for some positive integer k, ak < bk, then a < b.





34.  If each of a, b and c is a real number, a ( b and b < c, then a < c.





35.  If each of a, b, and c is a real number, a < b and b ( c, then a < c.





36.  For every positive integer n, 3 divides n3 + 2n.





37.  If the real number a is greater than -1, then for every positive integer, n , (1 + a)n ( 1 + na.





38.  For every odd positive integer n, 24 divides n(n2 - 1)





39.  For every positive integer n, 2n ( 2n.





40.  If each of a and b is a real number, then for each positive integer n, �EMBED Equation.DSMT4���


